In this paper, we introduce the concept of a partial Hausdorff metric. We initiate study of fixed point theory for multi-valued mappings on partial metric space using the partial Hausdorff metric and prove an analogous to the well-known Nadler's fixed point theorem. Moreover, we give a homotopy result as application of our main result.
Theorem 1.2. ([14]) Let (X, d) be a complete metric space and T : X → CB( X) be a contraction mapping. Then, there exists x ∈ X such that x ∈ T x.
Later, an interesting and rich fixed point theory was developed. The theory of multi-valued maps has application in control theory, convex optimization, differential equations and economics (see also [6] ). On the other hand, Matthews [9] introduced the concept of a partial metric as a part of the study of denotational semantics of dataflow networks. He gave a modified version of the Banach contraction principle, more suitable in this context (see also [7, 10] ). In fact, (complete) partial metric spaces constitute a suitable framework to model several distinguished examples of the theory of computation and also to model metric spaces via domain theory (see, [5, 8, 9, [11] [12] [13] ). In this paper, we introduce the concept of a partial Hausdorff metric and extend the Nadler's fixed point theorem on partial metric spaces using the partial Hausdorff metric.
In the sequel the letters R, R + and N * will denote the set of all real numbers, the set of all nonnegative real numbers and the set of all positive integer numbers, respectively.
Consistent with [2, 3, 9] , the following definitions and results will be needed in the sequel. Definition 1.3. Let X be a nonempty set. A function p : X × X → R + is said to be a partial metric on X if for any x, y, z ∈ X , the following conditions hold:
The pair (X, p) is then called a partial metric space.
If p(x, y) = 0, then (P 1 ) and (P 2 ) imply that x = y. But the converse does not hold always.
A trivial example of a partial metric space is the pair (R + , p), where p :
(see also [1] ).
For some more examples of partial metric spaces, we refer to [2, 4, 11, 13] .
Each partial metric p on X generates a T 0 topology τ p on X which has as a base the family open p-balls {B p (x, ε): x ∈ X, ε > 0}, where B p (x, ε) = {y ∈ X: p(x, y) < p(x, x) + ε}, for all x ∈ X and ε > 0.
Observe (see [9, p. 187] ) that a sequence {x n } in a partial metric space (X, p) converges to a point x ∈ X , with respect to τ p , if and only if p(x, x) = lim n→∞ p(x, x n ).
If p is a partial metric on X , then the function p 
It is immediate to check that p( 
(iv) Let a ∈ A, b ∈ B and c ∈ C . As
Since c is an arbitrary element of C , therefore we have
As a is an arbitrary element of A, so , c) . A, B) H p (A, B) . By definition, (h2) holds obviously. Now using property (iv) of Proposition 2.2. We have 
Fixed point of multi-valued contraction mapping
We start with the following lemma needed to prove our main result. 
p(x, B) p(a, B) hH p (A, B).
Since A = B, from Corollary 2.4 we have H p (A, B) = 0 and above inequality gives h 1, a contradiction. 2
Now, we state and prove our main result.
Theorem 3.2. Let (X, p) be a complete partial metric space. If T : X → CB p (X) is a multi-valued mapping such that for all x, y ∈ X,
we have
where k ∈ (0, 1). Then T has a fixed point.
Proof. Let x 0 ∈ X and x 1 ∈ T x 0 . From Lemma 3.1 with h =
. Continuing this process, we obtain a sequence {x n } in X such that
Now from (3.3) and by the mathematical induction, we obtain
Using (3.4) and the property (P 4 ) of a partial metric, for any m ∈ N * , we have
By the definition of p s , we get for any m ∈ N * ,
This yields that {x n } is a Cauchy sequence in (X, p s ). Since (X, p) is complete, then from Lemma 1.6, (X, p s ) is a complete metric space. Therefore, the sequence {x n } converges to some x * ∈ X with respect to the metric p s , that is,
On the other hand, we have
Taking limit as n → +∞ and using (3.6) and (3.8), we obtain p(x * , T x * ) = 0. Therefore, from (3.6) (p(x * , x * ) = 0), we obtain
which from (2.1) implies that x * ∈ T x * = T x * . 2
To underline the usefulness of partial metric, we give the following very simple illustrative examples.
p(x, y) = 
Hence {0} is closed with respect to the partial metric p. Also
Hence {0, 1} is closed with respect to the partial metric p. Now, define the mapping
We shall show that, for all x, y ∈ X , the contractive condition (3.2) is satisfied with k = 1 2 . For this, we consider the following cases:
• x, y ∈ {0, 1}. We have
and (3.2) is satisfied obviously.
• x ∈ {0, 1}, y = 4. We have
• x = y = 4. We have
Thus, all the hypotheses of Theorem 3.2 are satisfied. Here, x = 0 is a fixed point of T . Example 3.4. Let X = {0, 1, 2} be endowed with the partial metric p : X × X → R + defined by 1] . To see this, let {t n } n∈N * be a sequence in Q with t n → t * ∈ [0, 1] as n → +∞. We must show that t * ∈ Q . By the definition of Q , for all n ∈ N * , there exists x n ∈ A with x n ∈ F (x n , t n ). Then 
